We calculate hyperfine structure intervals ∆E hf s (2P 1/2 ) and ∆E hf s (2P 3/2 ) for P-states in muonic ions of lithium, beryllium and boron. To construct the particle interaction operator in momentum space we use the tensor method of projection operators on states with definite quantum numbers of total atomic momentum F and total muon momentum j. We take into account vacuum polarization, relativistic, quadruple and structure corrections of orders α 4 , α 5 and α 6 . The obtained numerical values of hyperfine splittings can be used for a comparison with future experimental data of the CREMA collaboration.
I. INTRODUCTION
Quantum electrodynamics of the bound states is one of the most successful theories in modern physics which was checked by means of very precise measurements for many bound states. The current experimental program of CREMA (Charge Radius Experiments with Muonic Atoms) collaboration is directed to study of fine and hyperfine energy structure of simple muonic atoms [1] [2] [3] . It is realised successfully beginning with 2010, when two transition frequencies (2S F =1 1/2 − 2P F =2 3/2 ) and (2S F =0 1/2 − 2P F =1 3/2 ) in muonic hydrogen were measured with the accuracy which allowed to obtain one order more precise value of proton charge radius. The measurement of three transition frequencies (2S
) in muonic deuterium by means of laser spectroscopy methods was also performed and gave new more precise value of deuteron charge radius. The laser spectroscopy provides unique possibility for the check and further development the theoretical models connected with the investigation of fundamental structure of matter. Experimental investigations with muonic hydrogen gave unexpected results, discovered the problem which was called the proton radius puzzle [4, 6, 10] , raised the question of a more accurate study of the effects of the nucleus structure [7] . This problem remains unsolved for a long time while there were many efforts to explain the difference of proton charge radii extracted from electronic and muonic atoms. Among recent papers devoted to the determination of the proton charge radius it is necessary to mention experimental work [8] where the proton charge radius is extracted from the Lamb shift measurement in ordinary hydrogen with the value r p = (0.833 ± 0.010) f m which is very close to the result obtained by CREMA collaboration. Another recent work [9] on extraction the proton charge radius from the elastic form factor (FF) data gave the value r p = 0.844 (7) f m which is consistent with the high-precision muonic hydrogen results. Only in the case of simple two particle bound states the theoretical methods are well developed to calculate the energy levels including nuclear effects from first principles. In general, it can be noted that the program for studying muon systems is gaining momentum: a precision study of the ground state hyperfine structure of muonic hydrogen, the energy interval (1S − 2S), and the processes of production of dimuonium are planned [10] [11] [12] [13] .
One of the future scientific directions of CREMA collaboration is related with light muonic atoms of lithium, beryllium and boron [11] . Such experiments could complete existing data and obtain new values of charge radii of Li, Be and B. The program of experiments with light muonic atoms was discussed many years ago in [14, 15] , where the estimation of different energy intervals in the leading order was performed. In our recent papers [16, 17] we calculated some corrections to the Lamb shift (2P-2S) and hyperfine splitting of S-states in muonic lithium, beryllium and boron and obtain more precise values of these energy intervals. This work continues our investigation in [16, 17] to the case of P-wave part of the spectrum. The account of hyperfine structure of P-levels is also necessary because experimental transition frequencies are measured between different components of 2P and 2S states. Despite the fact that general theoretical methods for the calculation of hyperfine structure of P-states are well developed, specific numerical calculations of different hyperfine structure intervals in the case of P-states in muonic lithium, beryllium and boron were not considered in detail. So, the work [14] contains only general formula of hyperfine structure in leading order. Numerical calculation of HFS in muonic Li, Be, B represents both pure theoretical interest because we have in this task nuclei with spins different from 1/2, and experimental interest connected with experiments of CREMA collaboration. Therefore, the aim of this work is to calculate hyperfine splitting intervals for P-states in muonic Li, Be, B with the account of corrections to vacuum polarization and nuclear structure.
II. GENERAL FORMALISM
Among nuclei of Li, Be, B there are nuclei of different spins. For the nuclei with spin I = s 2 = 1 our approach to the calculation of hyperfine structure was developed in [18] by the example of muonic deuterium. All nuclei of lithium, beryllium and boron have isotopes with spin s 2 = 3/2 so we describe further hyperfine structure of such muonic ions which consists of six states: 2 3 P 1/2 , 2 5 P 1/2 , 2 1 P 3/2 , 2 3 P 3/2 , 2 5 P 3/2 , 2 7 P 3/2 , where the lower index corresponds to muon total momentum j = s 1 + L and upper index is the factor (2F + 1) (F = j + s 2 ). The contribution of the leading order α 4 to HFS of P-states is determined by the amplitude of one-photon interaction which is denoted T 1γ . In this work, we use both the momentum and coordinate representations to describe the interaction of particles. We find it useful to begin with momentum representation of interaction amplitude in which the two-particle bound state wave function of 2P-state can be written in the tensor form:
where ε δ is the polarization vector of orbital motion, n p = (0, p/p), R 21 (p) is the radial wave function in momentum space. Then the contribution to the energy spectrum is determined by the integral:
(2)
The hyperfine potential ∆V hf s can be constructed by means of one-photon interaction amplitude T 1γ using the method of projection operators on states with definite quantum numbers [18] [19] [20] [21] [22] [23] . These projection operators can be written in terms of particle wave functions at the rest frame in covariant form. They allow us to avoid direct cumbersome multiplication of different factors in the amplitudes and use the computer methods for calculating amplitudes and the energy levels [24] . For their construction we use two different schemes of momentum adding: 1. J = s 1 + L, F = J + s 2 , 2. S = s 1 + s 2 , F = S + L. Taking into account that the nuclei with spin 3/2 are described in the Rarita-Schwinger formalism by the spin-vector v α (p) we can write the one-photon interaction amplitude in the form:
(m 1 +m 2 ) P ±p are four-momenta of initial muon and nuclear, q 1,2 = m 1,2 (m 1 +m 2 ) Q±q are four-momenta of final muon and nuclear, a µ is the muon anomalous magnetic moment. They are expressed in terms of total two-particle momenta P, Q and relative momenta p, q. D µν (k) is the photon propagator which is taken to be in the Coulomb gauge. Four form factors which parametrise the nucleus electromagnetic current can be expressed through multipole form factors measured in experiments: charge G E0 , electroquadrupole G E2 , magneticdipole G M 1 and magnetic-octupole G M 3 form factors. Corresponding equations are the following [25] [26] [27] :
where τ = −k 2 /4m 2 2 . The calculation of these form factors can not be carried out with high accuracy in nuclear models. So, we can use for them experimental data suggesting that they can be improved if necessary. The nucleus spin-vector wave function is described by
where 1 2 ω; 1λ 3 2 σ are the Clebsch-Gordan coefficients. In order to obtain the contribution to HFS of order α 4 including recoil effects we should know also the transformation law of spin-vector to the rest frame. Explicit expression of the transformation law of vector wave function ε σ (p) has the form: To describe the hyperfine structure of state 2P 1/2 we introduce in (3) on the first stage of the transformation the projection operator on the muon state with j=1/2:
where ψ(0) is the Dirac spinor describing the muon state with j=1/2, v = (1, 0, 0, 0) = P/(m 1 + m 2 ) is the auxiliary four vector. On the second stage we should project muonnucleus pair on state with total momentum F = 2 or F = 1. In the case of state with F = 2 the projection operator has the form
where the tensor ε ατ describes the state F = 2. For a construction of the muon-nucleus interaction operator in this state we make the summation over projections of the total momentum F using the equation
Then the averaged over the projections M F amplitude takes the form:
where we introduce for the convenience short designations of nucleus vertex function
the lepton vertex function 15) and the Lorentz factors of vector fields
We introduce in (13) the factor 3/4π connected with the normalization condition of polarization vector in (1) . The remaining cumbersome part of calculating the trace and numerous convolutions by the Lorentz indices can be performed by means of the package Form [24] . As a result we obtain the muon-nucleus interaction operator for the state 2 5 P 1/2 in the form:
where we set F 1 (0) = 1. This expression clearly shows the general structure of potentials for various states, which we obtain at the exit from Form. Typical momentum integrals that must be calculated in the hyperfine structure (2) have the form:
It is important to note that when constructing potentials in this way, we obtain not only the hyperfine part of the potentials, but also the Coulomb contributions and contributions to the fine structure, which are further reduced when considering hyperfine splitting. Let us consider also the construction of the potential in the case of 2 3 P 1/2 state. To introduce projection operators for the state F = 1, j = 1/2, it is necessary to add the spin of the nucleus s 2 = 3/2 and the total moment of the muon j = 1/2. For this we use a basis transformation of the following form:
where the state with s 2 = 3/2 is represented as the sum of two momentss 2 = 1/2 and l 2 = 1,S = s 1 +s 2 . Further, when working with ΨS =0,F =1,M F and ΨS =1,F =1,M F we introduce projection operators on these states, the form of which is well known:
where the polarization vector ε ω in right part of (20) describes the state with F = 1. When using expansion (16) , several contributions to the interaction potential of particles in the state F = 1 arise, which are determined by two expressions forS = 0 andS = 1 with weight factors 2/3 and 1/3 respectively:
Omitting other details of the calculation and using (17), (21) , (22) we obtain the hyperfine splitting of 2P 1/2 state as follows:
Li : 210.8960 meV, 9 4 Be : −183.2929 meV, 11 5 B : 818.1086 meV, (23) where we take into account only leading order terms including recoil correction related with nucleus magnetic form factor. At k 2 = 0 we have F 2 (0) = m 2 µ N /Zm p .
The calculation of hyperfine splitting for the 2 (2F +1) P 3/2 state is a more complicated problem, since it is more complicated to construct projection operators for these states. The most simple form is the projection operator on the state with F = 3. In this case, when the two moments 3/2 are added, we get the state with the maximum total momentum, which is described by the tensor ε αβγ . The projection operator on this state is equal
and a summation over projections has the form [23] :
Then the interaction amplitude averaged over the projections M F can be represented as follows:
To calculate the interval of the hyperfine structure ∆E hf s (2 7 P 3/2 − 2 5 P 3/2 ), it is also necessary to build the potential for the state with F = 2, which is obtained by adding two 3/2 moments. Acting as in (19), we first represent the state of the nucleus as the result of adding the two momentss 2 = 1/2 and l 2 = 1 and introduce the momentum j 1 = j +s 2 , which takes values 2 and 1:
The projection operator on the state j 1 = 2 has the form:
In order to write a projection operator on the state j 1 = 1, we will already represent the moment of the muon j = 3/2 as the result of adding two moments: j = s 1 + l 1 . Given the coefficients of vector addition of moments, we obtain the following expansion:
(29) Performing the addition of individual moments in F = 2, we obtain the following result for the projection operator on a state with F = 2:
As we see, the tensor in the right-hand side of (29) contains both the symmetric and antisymmetric parts in the indices α, β. The same decomposition and addition of individual moments is also used to obtain projection operators on other states of the hyperfine structure with F = 0 and F = 1. They have the form:
In the practical use of (31) - (32) , it is convenient to single out the contributions of the symmetric and antisymmetric parts of the projection operators. The general structure of the amplitudes and interaction potentials of particles in these states has the same form as (13) , (17) , (21) , (22) , and the intervals of the hyperfine structure themselves are determined by formulas similar to (23):
Li : 63.8246 meV, 9 4 Be : −55.7466 meV, 11 5 B : 246.6252 meV,
Li : 42.5497 meV, 9 4 Be : −37.1644 meV,
Li : 21.2932 meV, 9 4 Be : −18.5822 meV, 
The numerical values of the contributions (23), (33)-(35) are large. Therefore, to increase the accuracy of calculations, it makes sense to consider a number of corrections to these formulas what we do below in other sections.
However, it is useful to consider another approach to solving this problem in the coordinate representation, which is widespread [28] [29] [30] . Since in muon ions we encounter nuclei of different spins, it is necessary to have a two-particle Hamiltonian for electromagnetically interacting particles of arbitrary spin. Some time ago, the task of constructing such an effective Hamiltonian was solved in [31] [32] [33] [34] [35] in connection with the calculation of gyromagnetic factors of bound particles. To calculate the hyperfine structure of the spectrum of P-levels, it is necessary to use the following term from this Hamiltonian:
where the gyromagnetic factor of the nucleus g N = F 1 (0)/s 2 =2m 2 µ N /3Zm p and nucleus magnetic moment is taken in nuclear magnetons. To calculate the relative level arrangement, a fine part of the Hamiltonian is also necessary:
Averaging (37) over the wave functions of the 2P state, we obtain the main contribution to the fine splitting:
Li : 747.8581 meV, 9 4 Be : 2372.2215 meV, 
While our main goal is the calculation of P-wave hyperfine splittings we estimate here also vacuum polarization correction of order α 5 (leading order correction) to fine splitting. Using in this case basic relations from [36] for the corrections in first order and second order perturbation theory we obtain total vacuum polarization contribution as follows:
Li : 2.3483 meV, 9 4 Be : 10.1158 meV, 
The hyperfine part of the Hamiltonian includes two operators
Diagonal in j matrix elements contribute to the hyperfine structure in the form:
The calculation of matrix elementsT 1 andT 2 is carried out using the basic formulas from [18] (see Appendix A). As a result, the position of energy levels 2 2F +1 P j is determined by the following expressions:
Li : 798.0748 meV, 9 4 Be : 2340.5274 meV, 11 5 B : 6020.4780 meV,
Li : 734.2502 meV, 9 4 Be : 2396.2740 meV, 
Li : 691.7005 meV, 9 4 Be : 2433.4383 meV, 
Li : 670.4256 meV, 9 4 Be : 2452.0205 meV, 
Li : 79.0860 meV, 9 4 Be : −68.7348 meV, 
Li : −131.8100 meV, 9 4 Be : 114.5581 meV, 
where we add a sum (38) , (39)Ẽ f s = E f s + ∆E f s vp to fix the relative position of sublevels. The obtained expressions (44)-(47) which contain the factor 1/g N coming from the hyperfine interaction Hamiltonian give the hyperfine splitting coinciding with (23), (33)- (35) . 
III. THE CONTRIBUTION OF QUADRUPOLE INTERACTION
In the leading order α 4 in the energy spectrum of muonic ions Li, Be, B, there is another important contribution of the quadrupole interaction, which must be taken into account. It arises for muon states with j = 3/2 due to the fact that the nuclei have a non-spherical shape. The calculation of this contribution to hyperfine structure in muonic ions in coordinate space is based on the representation of quadrupole interaction as a scalar product of two irreducible tensor operators of rank 2. Then the matrix elements of tensor operators are expressed in terms of reduced matrix elements using the Wigner-Eckart theorem [29, 37] .
Using the method of projection operators formulated above, we can distinguish in the amplitude of the one-photon interaction a part proportional to the quadrupole form factor G E2 (k 2 ). Its value at zero G E2 (0) = m 2 2 Q/Z, and the magnitude of the quadrupole moment of the nucleus Q sets the numerical value of this correction. The averaged amplitudes of quadrupole interaction for different states have the form:
You may notice that the amplitudes (48) and (50) coincide. Making momentum integration by means of (18) we obtain contributions to the energy levels 2 2F +1 P 3/2 :
The quadruple moments of nuclei are written in Table I . The result (52) coincides exactly with previous calculations made by different method [37] . Their numerical values are presented in Table II . The magnitude of the quadrupole contribution is significant, therefore, in the case of quadrupole interaction, it makes sense to consider also different corrections to it. One of the most important effects leading to the correction of the obtained results in order α 4 is the effect of vacuum polarization (VP). We begin its discussion precisely with the quadrupole interaction, since it can be simply calculated within the formulated method by a small modification of relations (48)-(51). For its calculation in momentum representation In the first order perturbation theory we should use the following replacement in the photon propagator of (48)-(51):
Then the correction to vacuum polarization in the quadrupole interaction can be expressed in terms of three momentum integrals which are calculated analytically: 
This dimensionless parameter is not suitable for expansions, since a 1 (Li) = 0.89795, a 1 (Be) = 0.67109, a 1 (B) = 0.53566. Another contribution of VP plus quadrupole interaction of the same order α 5 comes from second order perturbation theory. Taking one perturbation as in (53) but in coordinate representation and other perturbation as a quadrupole interaction
we present necessary contribution in integral form (b 1 = 2m e /W ):
(57) Corresponding numerical results of the sum of corrections (55) and (57) for the states 2 (2F +1) P 3/2 are included in Table II .
IV. CORRECTIONS TO THE VACUUM POLARIZATION AND NUCLEUS STRUCTURE
The main contribution of the effects of vacuum polarization in the hyperfine structure of the energy spectrum of the P-states is related with a modification of the particle interaction potential (36) , which in turn is determined by the replacement (53). Using the results of the previous section, in which the spin-orbit and spin-spin interaction operator is constructed in the momentum representation, we can present the corrections to vacuum polarization for hyperfine splitting in the form:
∆V hf s vp (2 5 P 1/2 − 2 3 P 1/2 ) =
Further integration over the momentum variables and spectral parameter ξ can be performed analytically using (54) . But the answer for hyperfine splitting in the energy spectrum is more conveniently written in the integral form over ξ:
In the second order of perturbation theory we also have the VP contribution of order α 5 .
In this case one perturbation potential is determined by (36) and other perturbation is the vacuum polarization correction to the Coulomb potential (53). For the calculation of this type correction it is convenient to use coordinate representation in which the Coulomb Green function has the form [38] :
where C = 0.5772... is the Euler constant, x 1 = W r, x 2 = W r ′ , x < = min(x 1 , x 2 ), x > = max(x 1 , x 2 ). Then making the analytical integration over particle coordinates we obtain the following integral representation for this correction:
The summary VP correction of order α 5 from first and second order perturbation theory is presented in the Table II for separate energy levels. Nucleus of lithium, beryllium and boron have sufficiently large size, so the structure effects can be significant. For their estimation in order α 6 we use an expansion of charge, magnetic dipole and electric quadrupole form factors:
and take into account terms proportional to charge r E , magnetic dipole r M 1 and electric quadrupole r E2 radii. Then in momentum representation the potentials giving the splitting of P-states are the following:
The calculation of remaining momentum integrals in (2) gives < pq >= 3/8, < (pq) 2 pq >= 1/8 and shifts of the energy levels 2 2F +1 P J . Corresponding numerical results are presented in Table II . To obtain them we set approximately r E0 = r M 1 and omit quadruple radius r E2 .
Among other important corrections of order α 6 we can distinguish relativistic corrections which can have large numerical values due to the factor Z 5 . They can be calculated by means of the Dirac equation [39, 40] . The expectation value of hyperfine part of the Dirac Hamiltonian can be expressed in terms of reduced matrix elements by means of the Wigner-Eckart theorem [18] :
whereμ N is the nuclear magneton, W (js 2 j ′ s 2 ; F 1) are the Racah coefficients. The calculation of reduced matrix elements for the P-states with nucleus spin 3/2 gives the following results:
Indeed, numerically these corrections are important to achieve high accuracy of the total result (see Table II ). Up to this point we have considered diagonal matrix elements between different states 2 (2F +1) P j . But the one-photon interaction Hamiltonian leads to the mixing of states 2 3 P 1/2 , 2 3 P 3/2 and 2 5 P 1/2 , 2 5 P 3/2 . To calculate transitions between these states we use developed in previous sections formalism of projection operators. Then the general structure of transition amplitudes between states 2 3 P 1/2 , 2 3 P 3/2 and 2 5 P 1/2 , 2 5 P 3/2 is the following:
Using projection operators (11), (28) , (30) , (32) we obtain contributions to the energy spectrum of order α 4 :
In one-photon approximation there exists also another correction of order α 4 connected with the quadrupole electric form factor for the nucleus with spin 3/2. We present the correction to the quadrupole interaction in separate equation as (52):
The contributions of leading order (76), (77), (78) must be supplemented by the same vacuum polarization corrections which are calculated above for diagonal matrix elements. Let us write them in integral form over spectral parameter:
The contribution of vacuum polarization to quadrupole interaction also can be obtained with the use of Eqs.(74)-(75) in the form:
We can not neglect by relativistic corrections to nondiagonal matrix elements. General expression (71) for its calculation contains the following radial integral with the Dirac wave functions [41] : where the indexes 1/2 and 3/2 designate the total muon momentum. In final form relativistic corrections to nondiagonal matrix elements are determined by following expressions:
All equations of this section (76)-(84) are used for obtaining numerical results which are presented in Table III .
VI. CONCLUSION
Hyperfine structure of the P-wave energy spectrum plays an important role for precise calculation of transition frequencies between energy levels. We study the hyperfine structure of energy levels in muonic ions of lithium, beryllium and boron on the basis quasipotential method in quantum electrodynamics. Our calculation contains the leading order α 4 contribution and corrections of orders α 5 and α 6 to the vacuum polarization, nucleus structure, quadrupole interaction and relativism. These corrections have significant numerical value because of the factor proportional to the nucleus charge. The used formalism allows to calculate corrections in analytical form what is demonstrated in different places of the work. In a number of cases we preserve integral representation over some spectral parameter for corrections to the vacuum polarization because it is more compact. Numerical results are written in Tables II,III,IV. This work continues our investigation of P-wave part of the energy spectrum in light muonic atoms which was begun in [18, 36, 42, 43] . Taking nucleus of spin 3/2 we obtain new results in the study of hyperfine structure which are as follows:
1. We are developing the method of projection operators for spin nuclei 3/2 in the momentum representation, which allows us to construct the interaction operator of the muon and nucleus for various states. The results of calculating the contributions to the energy spectrum by this method are consistent with the calculation performed in the framework of the coordinate representation.
2. The corrections of the fifth-order in α on vacuum polarization are calculated in the hyperfine structure of the P-states, including the quadrupole interaction.
3. An estimate of the sixth-order α contributions to the structure of the nucleus and the vacuum polarization is obtained. Relativistic corrections are also taken into account in the framework of the relativistic Dirac equation.
In last years the calculation of different corrections to fine and hyperfine structure of muonic atoms was done by several groups. Because of large number of the works we give only references on review articles [4, 6, 7, 28, 30, 44] which contain many other references regarding to the problem. The hyperfine structure of P-states in muonic lithium, beryllium and boron was not calculated directly in these papers. There is the only paper [15] in which the basic analytical formula for the contribution of order O(α 4 ) without recoil was presented. We have improved previous estimates of P-energy levels obtained by authors [15] taking into account new corrections. For definiteness, we present numerical results with an accuracy of 4 digits after the decimal point. Errors in the determination of fundamental physical constants are negligible when obtaining the final results. The accuracy of the theoretical calculation is determined by the omitted corrections of a higher order in α. On the whole, it can be said that we obtained the values of the hyperfine splittings of the P-levels with an accuracy of 0.001 meV, which can be used as a guide for comparison with future experimental data.
Summing all diagonal and off-diagonal matrix elements in the case of muonic lithium we obtain the following energy matrix Its diagonalization leads directly to the position of the energy levels 2P (see Table IV ) and hyperfine splitting intervals for muonic lithium which can be measured in the experiment. In the same way we obtained hyperfine structure of two other ions of muonic beryllium and boron which are written also in Table IV. 
